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The sp read  of a mound of groundwater  in the region between two pa ra l l e l  channels  with dif-  
ferent  wa te r  levels  (H i at x = 0  and H 2 at x = L )  during i r r iga t ion  is studied with due allowance 
for  evapora t ion .  Evapora t ion  is taken into account in re la t ion  to the depth of the groundwater  
h(x, t); its intensi ty is r ega rded  as ze ro  when h < h  0 (where h 0 is the c r i t i ca l  l eve lo f  the ground-  
water) ,  while va ry ing  l inear ly  o r  r emain ing  constant  when h > h 0. The intensi ty o r  i r r iga t ion  
is r ega rded  as constant .  This  p rob lem is solved by using the t h e r m a l  potent ia ls  of a double 
l a y e r  and reduces  to the solution of a nonl inear  in tegral  equation. 

1. The intensi ty of evapora t ion  ~(x, t) is a nonl inear  function of the depth of the groundwater  h(x, t) 

f 0 for  h ~ h o (1.1) 
x(x, t)=~__bh(x ' t)+dH for h > h 0 

In Eq. (1.1) e i the r  b > 0, d=b ,  H = h  0 ( l inear  dependence of the evapora t ion  on the depth  of the ground-  
water)  o r  b =0, d H = - ~ < 0  (constant evaporat ion) .  Thus the intensi ty of evapora t ion  is denoted by ~ when 
constant .  

For  s impl ic i ty  we shall  a s s um e  that  the initial  mound of groundwater  h(x, 0) =cp (x) in t e r sec t s  the plane 
h(x, t) =h 0 at not more  than one point x =x 0. We shah  also cons ider ,  in o r d e r  to make the analysis  specif ic ,  
that  the inequali t ies H i -<h0--Hf; ~ (0) -<r (x 0) <--~0 (L) a re  sa t is f ied.  

The problem then reduces  to the solution of the following p rob l ems  for  the functions hl(x , t) andhf(x, t): 

a,~l o a-~h~.. , ,:Lr.\. --a-~=-a. hl(O,t)=H1, (a 2= 
at . - "  . ~ - ) "  ' ( 1 . 2 )  

h ~ [ z ( t ) , q - :  }~o ( o < ~ < z ( O ) ,  
h~ (z, O) =-= q~ (z) (0 < z < z~), 

~t, ~z s ' ' " 

h ~ ( L , t ) = H . ~  (z(t)<~'-~L). 
h f ( z , O )  = ~ ( x )  (x o < x < ~ L ) -  

In Eq. (1.2) k is the f i l t ra t ion coefficient ,  ~ is the deficiency of sa tura t ion  or  wa te r  de l ivery ;  H.  is a 
ce r t a in  average  level  of  the groundwater ;  H i and H 2 are  the wa te r  levels  in the channels;  L is the 
d i s t ancebe tween the  channels;  ~ a is the intensi ty of i r r iga t ion .  In Eqs.  (1.2) and (1.3) x =X (t) is the equa-  
tion of the boundary (moving with t ime  and not known in advance) at which the level  of the groundwater  is 
equal to the c r i t i ca l  value h[x (t), t) =h 0 and the flow continuity condition is sa t i s f ied  

Oh1 [y, (t), t] ah2 [Z (t), t] (1,4) 
8 x  - -  a x  , 

where  hl(x , t) is the depth of the groundwater  in the region 0 - < x -  • h~(x, t) in the region •  

We note that p r o b l e m s  s i m i l a r  in p resen ta t ion  to (1.2)-(1.4) were  solved in [1-5]. 
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C l e a r l y  the  e q u a t i o n  )/(0) = x  0. 

L e t  u s  pu t  

~5 2 
h i = - - ~ z  + h o + u ( z , t ) .  (1.5) 

P r o b l e m  (1.2) t h e n  r e d u c e s  to  f i n d i n g  the  s o l u t i o n  of  the  fo l lowing :  

Ou l 82u 
- ~  = a -~'~x2; u (O, t ) = H t - - h o ;  (1.6) 

u Ix (t), t] = ~ a  ~ ~ (t); (0 < x < ~ (t)); 

cz 2 u (z, 0) = t~ (z) = q) (~) --  ho + ~ z , (0 < z < xo). 

R e g a r d i n g  )/(t) a s  a known ,  d i f f e r e n t i a b l e  f u n c t i o n ,  we w r i t e  the  s o l u t i o n  to  t h i s  p r o b l e m  in  the  f o r m  [61 

exp - -  4 a 2 ( t _ T )  vx(z) dT [ x - - z ( T ) ] e x p  t -  4 a 2 ( t _ z ) I v 2 ( ' o d v  (1.7) 
( x ,  t) = T ' i (x , ' t )  ~- 0 ( t  - -  T) 3/2 ~- 0 (t - -  T) 3/2 ; 

i [ ( z -  ~)~l d o 

0 

(z 
h2 (x, t) = h o -}- -'b j -  exp (--  bt)  w1 (x ,  t ) ,  

I f  i n t h e  b ~ 0  c a s e  we put  

we r e d u c e  p r o b l e m  (1.3) to  the  fo l lowing :  

0 w l  2 02wl r 
Ot - -  a -~'~'x2; w x  [Z (t), t] = - - ' ~  exp (bt); 

w l ( L , t ) =  H 2 - - h o - - -  ~ exp(bt) ,  ( Z ( t ) < x < L ) ;  

w l  (x ,  O) = o h (x) = e~ (x) - h o -  -~ , (x o < x < L ) .  

h2 (z, t) = --  ~ z 2 + ho + w2 (Z, t). 

I f  b = 0 we put  

aw2 2 aiW2 ~ - -  E 2 
ot - a - ~ x  2 , w~ Ix (t), ~] = 2 - 7  ~ (t); 

w ~ ( L , t ) = H ~ - - h  o - ~ - ~ L  2, ( Z ( t ) < x < L ) ;  

CZ--8 2 u'2 (x, 0) =- 0)2 (x) ---- (p (x) -~- 7 x - -  ho, (xo < x < L). 

F r o m  (1.3) we o b t a i n  

The  s o l u t i o n  to p r o b l e m s  (1 .9) - (1 .11)  m a y  be  w r i t t e n  [6] 

(1.s)  

(1.9) 

(1.10) 

(1,11) 

[z--x(~)l  2/ , ,  

i [z -- 7. (r)] exp --  ~ _ - - ~  / %~ tn dT 

(t -- ~)3i-, 

(x- L,I 2 ] 

+ ! ,  

o (t - ~)3, ,~ 
(1.12) 

L (~ __ ~)'-] ~ 
j w i ! ~ ) e x p [ - -  

q~i (z  t) = l~ = t:2). 
xo 2a ] r ~  ' " 

In  E q s .  (1.7) a n d  (1 .12 )v l (T) ,  v2(~-), v3i(~-) , 
m i n e d  f r o m  the  b o u n d a r y  c o n d i t i o n s  (1.6), (1.9), 
t e m  of  e q u a t i o n s  

V ~ i ( T ) ( i = l ,  2 ) a r e  u n k n o w n  f u n c t i o n s ;  t h e y  a r e  d e t e r -  
(1.11), which ,  in  a c c o r d a n c e  wi th  [6], g i v e s  the  s y s -  
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t 

vl (t) - -  Vl (t) + ,f p (t, "0 v~ (0  d;;  
0 

t ! 
~ (t) = ,'~ (,') + i' j~ (t, ~) ~,~ (~) d~ + .I S (t, ~) v~ (~) d~; 

6 0 
t t 

~ (t) = , '~ (t) - ~ n (t, -~) ~-'~i ('0 d.~ + .f U (t, "0 : '~ ('~) <~'~; 
0 0 

t 

v~{ (t) = %'~i (t) 4- .i ~ M (t, r) v3i ('0 dr, (i = 1, 2). 
0 

( 1 . 1 3 )  

Here  we have introduced the following notation: 

eX(T) .exp[-- Z2(z)  ] 
P ( ! ' r ) - -  ( t - - ' 0  3 / ~  4a 2 ( t - x ) "  ; 

/ l ( t , T ) = : c  [Z (t) - -  % (~)] e x p (  [7,(t)--~((v)]~'~. 
(t - ~)~/~ ~ - -  77 J '  

c7< (t) exp [ - -  %~ (t) -I 
S (t, "t') - -  (t - -  T) 31"" ' ' 4a 2 (t - -  T) J; 

U (t, ~) - c[L -- Z (t)] exp {- 
- -  ~ (t - -  ~)31z 

M ( t , T ) - - - - c [ L - - % ( ~ ) ]  e x p (  
(t _ ,~)31- 

v 1 ( t )  = c [ H i  - -  ho - -  F (0,  t ) ] ;  

[Z (t) -- L] ~ ) 
4a ~ (t--x) ; 

[7, (~) -- L]2 } 
4a '->(t-~) ; 

v2 (t) = c (---ba~ X~ (t) 4- F [z (t), t]}; 

v3~ (t) = c { - - -~ -exp  (bt) -- (l)~ i% (t), t l ) ,  

,,,=, (t) -- ~ ~ z" ( t ) -  ~)=iz (0, q}; 

V 1 2 ( t ) = - - c  H..--h o4 -  

(~ = [2~ V~I - -~ ) .  

(1.14) 

Substituting the function vl(t) f rom the f i r s t  equation of the sy s t em (1.13) into the second and using 
the Dir iehlet  equation, for  the function v2(t) we obtain a l inear  Vo l t e r r a  in tegra l  equation of the secondkind 
with a s ingular  ke rne l  of  the type K{t, v) =G(t,  ~ ' ) / ~ [ 7 ] ,  where G(t, z)  is a r egu la r  function 

I 
v 2 (t) = ] 0)  4- .i' Q (t, T) v. (~) dr. ( 1 . 1 5 )  

0 

Here  we have used  the notation 

t 

t 

! (t) --  ~2 (t) § ,f S (t, T) vl  (T,) d~. 
0 

In an analogous way for  the functions v3i(t) we obtain an in tegra l  equation of the s ame  type 

t 

%i (t) = (h (t) + .t' W (t, ~) %i (Q d~; (1.16) 
0 

t 

W (t, "0 ~ - - / ' / ( t ,  0 § c~ ~ {(t - -  (~) (~-- -01 atz ~ 4a'~ [ t - -  o + - d(~l 

% (t) = v ~ (t) § I. U (t, T) ~4~ (~) d~:. 
0 

Thus ,  on the a s sumpt ion  that  the function X (t) is known, the p rob l em reduces  to the solution of Eqs.  
(1.15) and (1.16), a f t e r  which the functions vl(t) and v4i(t) , (i =1, 2) a re  de te rmined  f rom Eqs.  (1.13). 
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I f  we r e p l a c e  vz(v)  and  v~i(~) in (1.15) and (1.16) by the  r i g h t - h a n d  s i d e s  of  t h e s e  e q u a t i o n s ,  we r e -  
duce  the  l a t t e r  to  V o l t e r r a  e q u a t i o n s  wi th  a r e g u l a r  k e r n e l  

w h e r e  

t 
v~ (t) --  ~ (t) § ( ~~ (t, r) v.. 09 dr, 

9 
t 

v~i (t) = % (t) + .i a~ (t, T) %~ ('r) dr, 
0 

i 
r (t) - i (t) § .t' 0 (t, ~) / (~) c~r, 

0 
t 

v~ (t, z) - t ~ 0 (t, ~) Q (~, ~) do, 

t 

~ i  (t) = % (t) -~- i' W (t, "0 ~P~ (G dz, 
"o 

t 
G t  (t, l:) = .I IV (t, a) W (o', "r) do, ( i ~  1,2).  

,g 

The so lu t i on  of  Eqso (1.17) t a k e s  the  f o r m  
t 

f 

%~ (t) = % (t) + S F (t, ~) % (~1 ~ .  
0 

in which  if  [ Vl( t ,  " r ) [~Vo;  

F (t, ~) = ~ V.~ (t, T); 

t 

Vm+ ~ (t, T) = S V~ (t, (y) V m ((~, ~) do; 
T 

E (t, ~) = ~ G~ (t, ~); 
rn~ l  

t 

G~+ l (t, "~) = f G~ (t, z) G~,, (r ~) de, 
T 

I Gl( t ,  ~') [-<G O we have  the  e s t i m a t e s  

IF(t, z)l~ Vo exp [Vo(t--v)], 
IE(t, "0f ~< Go exp [Go(t--~)]. 

(1.17) 

I t  r e m a i n s  to f ind the  func t ion  X (t). 

2. The  func t ion  • is d e t e m n i n e d  f r o m  Eq.  (1.4). M a k i n g  use  o f  Eqs .  (1.5) and  (1.8), we ob ta in  the  
cond i t i on  f o r  d e t e r m i n i n g  )/(t) in the  b r 0 c a s e  in the  f o r m  

Ou ['Zoz(t), t] = exp (-- bt) Owl [ZOx(t), t] A_q ~a  Z (t). (2.1) 

I f  b =0 ,  t hen  by v i r t u e  o f  (1.10) and  (1.5) t h i s  cond i t i on  b e c o m e s  

ou [z (t), t] _ ow~ [~ (t), t] , 
ox Ox v - ~  Z (t). 

(2.2) 

In  o r d e r  to f ind the  d e r i v a t i v e  au[) / ( t ) ,  t ] / 0 x  we t r a n s f o r m  the  i n t e g r a l  

t 

I = (t -- .~)3/'). exp }-- 4a2 (t --  "0 J ~.2 (-0 dr, 
0 

in Eq .  (1.7) a s  fo l lows  
I = I t  + I~, 

300 



s 

I s =  ~ . Q 3 1 2  exp - -  4a2(t .0 v~(t) d~:, 
0 
t 

I ~  : -  j (t---_~)~i--~ , 

o 

[~-%(~)V/. I-~--% (t)],~ 
N ( x , t , T ) = [ x - - Z ( T ) ] e x p  - - ~ a ~ ( ~ - - - ~ l v ~ ( ~ ) - - [ x - - z ( t ) ] e x p [  4 a ~ ( t _ m )  j v ~ ( t ) .  

(2.3) 

We then obtain ( % (t) - x ~1 

( 2 iexp(--s2) ds)' r (=) = ~ i) 

(2.4) 

in which 

Ox --  
2v~(t) exp( [%(t)--zV}. ~ - 4a2t (2.5) 

Al lowing  for (2.3)-(2.5) and making use of Eqs. (1.7) we obtain an expression for the derivative 
Ou[X (t), t l / ~ x  

au [Z (t), t] OF [% (t), t] 
a x  - -  am - -  

[ X2(t) ] ( "r) dT ' 
exp - -  4a 2 ( t _ . Q  vl f § .~ (t - -  ~)3/2 § v~ (~) - -  v2 (t) d~ - -  

o b (t-- ~:)3/2 

t exp [ _  %~(t) ] 
_ %2 (t) S 4a ~ (t - -  T~ vl  ('r) dw 

2a2 ' (t - -  "0 5/2 -~- 
0 

4a~(t--T) ( - -  ( 
"4- ( t  -- .~)312 ' v2 (~) d~ - -  

0 

1 ' [ Z ( t ) - - % ( ' r ) I  ~ ( [%( t ) - -~r  
- ~  (t-,)s~ o~P~- ~ ~': (~)dT" 

o 

(2.6) 

Using  t ransformat ions  analogous to (2.3)-(2.5) we derive an expression for the derivatives Owi[)~(t) , t ] /  
ax from Eqs. (1.12) 

Owi [% (t), tl o(I) i [% (t), t] 2v3i (t). 
ax - a x  - -  V 7  7 -  

fexp~ [L--%(t)P' (~)d~ t~ " ~ - -  ~ J  u~i [vai (1:) - -  v3i (t)] d'~ 

0 0 

t 

(-t: ~-3 ~ ~ t -  ~ : - - ~ J  ~'~ <~) d~ + 
0 

(" [% (t) - -  7. (~)12 ] 1 

-It-, (t - -  T) 3/2 E:31 tTt dz -- 
0 

t 
t ~ [ % ( t ) - - % ( ' 0 1  ~ ( [;r 

_~aa2 ( t _ T ) 5 ,  2 exp,-- ~-a~---~ Jvs~(~)d~" (2.7) 
o 

Subst i tut ing Eqs .  (2.6) and (2.7) into (2.1) and (2.2) and mul t ip ly ing  the resultant  equations by v"t. we 
obtain non l inear  integra l  equat ions  for  d e termin ing  the funct ion x(t ) .  For  the sake of brev i ty  these  e q u a -  
t ions  may  be wr i t ten  in the fo l lowing form: 
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t 

fl~ [z (t), t] = ~f r [z (t) 
0 

, t, Z (T), ~1 d% (i = i, 2), (2.8) 

where we have introduced the notation 

QI [~ (t), tl = -- 2v~ (t) -~ 2 exp ( -  bt) val (t) + ]/7 (OF [Z0x(t). t] a Z (t) _ exp (-- bt) affpl [Z (t), t] 
a S Ox ~ ; 

~221%(t),t]=__2V2(t).~2vs2<t)~_]/-[{SF[z(t),t] 0@z [Z (t), t] S } ax ~x ~ ~ (t) 

Equation (2.8) may also be wri t ten in one of the following two ways: 

z(t)='cl(t)Qli[Z(t), t] (2.9) 

o r  

L--z(t)=v4i(t)Q i [z(t), t]. (2,10) 

' Here  Qli and Qi(i =1, 2) are  cer ta in  nonlinear opera to rs ,  Applying the method of success ive  approxi-  
mations to (2.9) and (2.10) 

z,~+l(t)=vl(t)Olib%(t), t], 7o(t)=0; 
( 2 . n )  

L--Xm+t(t)=v41(t)Qi [Xm(t), t], xo( t )=L,  

we obtain the inequalitie s ( [[ • =max [ X(t) [ ) 

I]Z,n+l--Z.~II <- ~,17,m--7~-1!I" (2.12) 

The success ive  approximations Xm(t) converge if q < l .  It is c l e a r  f rom Eqs. (2.11), (2.12), and (1.14) 
that this inequality may in fact be satisfied, at least  subject to ce r ta in  l imitat ions imposed upon the con- 
stants enter ing into the conditions of the problem and on the function ~ (x). 
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